ON THE "MULTIPLE OF THE INCLUSION PLUS COMPACT 

PROBLEM 
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Abstract. The "multiple of the inclusion plus compact problem" which was posed by 
T.W. Gowers in 1996 and Th. Schlumprecht in 2003, asks whether for every infinite dimen- 
sional Banach space X there exists a closed subspace Y of X and a bounded linear operator 
from Y to X which is not a compact perturbation of a multiple of the inclusion map from 
y to I. We give sufficient conditions on the spreading models of seminormalized basic 
sequences of a Banach space X which guarantee that the "multiple of the inclusion plus 
compact" problem has an affirmative answer for X. Our results strengthen a previous re- 
sult of the first named author, E. Odell, Th. Schlumprecht and N. Tomczak-Jaegermann as 
well as a result of Th. Schlumprecht. We give an example of a Hereditarily Indecomposable 
Banach space where our results apply. For the proof of our main result we use an extension 
of E. OdelPs Schreier unconditionality result for arrays. 



0. Introduction 

A long-standing open famous question of J. Lindenstrauss asks whether on every infinite 
dimensional Banach space X there exists a (linear bounded) operator from X to X which is 
not a compact perturbation of a multiple of the identity operator on X. A weaker question 
was asked by T.W. Gowers in 1996 [10] and by Th. Schlumprecht in 2003 |20j: does every 
infinite dimensional Banach space X admit a (closed) subspace Y and an operator from Y to 
X which is not a compact perturbation of a multiple of the inclusion operator from Y to X. 
We refer to this question as the "multiple of the inclusion plus compact" problem. The main 
result of this paper gives sufficient conditions on the spreading models of seminormalized 
basic sequences of a Banach space X which ensure that there exists a subspace Y of X 
having a basis and an operator from Y to X which is not a compact perturbation of the 
inclusion map from 7 to X. 

If X and Y are Banach spaces, let C(X,Y), (respectively ]C(X,Y)), denote the set of all 
(respectively compact) operators from Y to X. If Y is a subspace of X let iy^x denote the 
inclusion map from Y to X. If Y is a subspace of X and T e C(Y,X) then the statement 
T ^ Ciy->x + means that T cannot be written as a compact perturbation of a 

multiple of the inclusion map from Y to X. We say that the "multiple of the inclusion plus 
compact" problem has an affirmative answer on a Banach space X if there exists a subspace 
Y of X and T G C(Y, X) such that T ^ Ciy-*x + JC(Y, X). If (x n ) n is a basic sequence in a 
Banach space, let [(i n )„] denote the closed linear span of the sequence (x Tl 
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Note that if a Banach space X contains an unconditional basic sequence (x n ) n then the 
operator T e C([(x n ) n ),X) defined by T(x n ) = (— l) n x n does not belong to Gy^x+^(^, X). 
Thus if a Banach space X contains an unconditional basic sequence then the "multiple of the 
inclusion plus compact" problem has an affirmative answer for X. It is not known whether 
the above question of Lindenstrauss has an affirmative answer in this case. Hence for the 
"multiple of the inclusion plus compact" problem we restrict our attention to Banach spaces 
with no unconditional basic sequences. Recall that by the Gowers' dichotomy [9] every 
Banach space contains an unconditional basic sequence or a hereditarily indecomposable 
(HI) subspace. Recall that a Banach space X is called HI if no infinite dimensional closed 
subspace Y of X contains a complemented subspace Z which is of both infinite dimension 
and infinite codimension in Y [TTJ. Therefore for the "multiple of the inclusion plus compact 
problem" we only examine HI saturated Banach spaces. 

The "multiple of the inclusion plus compact" problem was first studied by Gowers [TO] 
where he proved that it has an affirmative answer for the HI Banach space GM which was 
constructed by Gowers and B. Maurey [11]. Moreover, Gowers conjectured that this problem 
has an affirmative answer for all reflexive Banach spaces. 

Subsequently, Schlumprecht [20] studied the "multiple of the inclusion plus compact" 
problem and gave sufficient conditions on a Banach space X so that this problem has an 
affirmative answer on X. One of the main results in J2U] gives sufficient conditions on the 
spreading models of weakly null sequences of an infinite dimensional Banach space X which 
ensure that the "multiple of the inclusion plus compact" problem has an affirmative answer 
on X. Recall that [H [5j [6] for every seminormalized basic sequence (y n ) in a Banach space 
X and for every (e n ) \ there exists a subsequence (x n ) of (y n ) and a seminormalized basic 
sequence (x n ) (not necessarily in X) such that for all n e N, scalars (ai)™ =1 with |a,| < 1 
and n < ki < ■ ■ • < k n , 



i=l i=l 



The sequence (x n ) is called a spreading model of (x n ). If X is a Banach space then SP W (X) 
will denote the set of spreading models of seminormalized weakly null basic sequences of X. 
If (x n ) is a seminormalized weakly null basic sequence then (x n ) is an unconditional basic 
sequence. Thus if X is an HI Banach space and ( seminormalized basic sequence in 

X with spreading model (x n ), then it may be easier to study (x n ) than to study (x„) itself. 
Schlumprecht [20J introduced the following crucial notion (without assigning a name): 

Definition 0.1. Let (x n ) and (z n ) be two seminormalized basic sequences (not necessarily 
in the same Banach space). For e > define 

(1) A {Zn):{Xn) (e) := supjj ^a^H : (a*) G c 00 , |a»| < e and \\ ^Ja^H < 1}, 

where coo denotes the linear space of finitely supported scalar sequences. We say that (z n ) 
dominates (x n ) on small coefficients, (denoted by (x n ) << (z n ) and abbreviated as \z n ) s.c. 
dominates (x n ) ), if 

(2) J^A W , W (e) = 0. 



Obviously, if (zj) and (xj) are seminormalized basic sequences in some Banach spaces and 
(zi) » (xi) then 



where we assume that inf = oo. 

Another important notion that was introduced by Schlumprecht [2U] was the following 
property which is called "Property PI" in the present article. 

Definition 0.2. A seminormalized basic sequence (z^) has Property PI if 



One of the main results in [20] is the following powerful result: 

Theorem 0.3. Let X be an infinite dimensional Banach space. Let (x n ) and (z n ) be nor- 
malized weakly null basic sequences in X having spreading models (x n ) and (z n ) respectively, 
such that (x n ) << (z n ) and (z n ) has Property PI. Then the "multiple of the inclusion plus 
compact" problem has an affirmative answer on X . 

Another main result in [20] is its Theorem 1.4. The idea of that important result is that an 
ordinal index is assigned to every normalized basic sequence of a Banach space, taking values 
at most equal to the first uncountable ordinal U\. Heuristically speaking, this index measures 
how close is the basic sequence that we examine to the unit vector basis of t\. Then an index 
is assigned to a Banach space as the supremum of the indices of its normalized weakly null 
basic sequences. Roughly speaking, [201 Theorem 1.4] states that if the index of the Banach 
space X is larger than the index of one weakly null normalized basic sequence in X, then 
the "multiple of the inclusion plus compact" problem has an affirmative answer on X. 

Another sufficient condition for the "multiple of the inclusion plus compact" problem 
to have an affirmative solution on a Banach space was given by the first named author, 
E. Odell, Th. Schlumprecht and N. Tomczak-Jaegermann [2]. This is a sufficient condition 
on the spreading models of normalized weakly null basic sequences of a Banach space X. In 
order to state the mentioned result of [2], we need some more definitions that we give now. 
A normalized basic sequence (x n ) is called 1-subsymmetric if it is 1-equivalent to all of its 
subsequences. 

Definition 0.4. Let (x n ) be a 1-subsymmetric basic sequence in some Banach space. The 
Krivine set of (x n ) is defined to be the set of all p's in [l,oo] with the following property. 
For all e > and N e N there exists m G N and scalars (\k)™=i such that for all scalars 



(3) 




(4) 
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denotes the norm of the space £. 
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The Krivine's theorem as it was proved by H. Rosenthal [16] and H. Lemberg [12] states 
that if ( x n ^ is ct l-subsymmetric basic sequence then the Krivine set of (x n ) is non-empty. 
In particular, if (x n ) is a seminormalized basic sequence in a Banach space having spreading 
model (x n ) then (x n ) is l-subsymmetric, hence the Krivine set of (x n ) is non-empty. The 
following result was proved in [2]: 

Theorem 0.5. Let X be a Banach space. Assume that there exist normalized weakly null 
basic sequences (x n ), (z n ) in X such that (x n ) has a spreading model (x n ) which is not 
equivalent to the unit vector basis of l\ and (z n ) has a spreading model (z n ) such that 1 
belongs to the Krivine set of(z n ). Then the "multiple of the inclusion plus compact problem" 
has an affirmative answer on X. 



This result strengthens the result of Gowers [10] since the Banach space GM satisfies the 




condition of Theorem 10. 51 

In order to state the main result of our paper, we need to introduce a property which is 
closely related to the Property PI and it is called Property P2 in the present article. The 
Property P2 appears without a name in [2] . 

Definition 0.6. A seminormalized basic sequence (x n ) has Property P2 if for all p > there 
exists an M = M(p) G N, such that if || ^^^ll = 1 then \{i : |aj| > p}\ < M. 

One of the main results of our paper is the following: 

Theorem 0.7. Let X be a Banach space containing seminormalized basic sequences (xi)i 
and for all n G N, such that < inf n> j < sup ni < oo. Let (zi)i be a basic 
sequence not necessarily in X . Assume that (xi) satisfies: 

(5) The sequence has a spreading model (5^)°^ such that (xj) iG N << (<2j)«eN- 
Assume that for all n G N the sequence satisfies: 



Assume that the sequence (zj) has a spreading model which has Property P2. Then there 
exists a subspace Y of X which has a basis and an operator T G C(Y,X) which is not a 
compact perturbation of a multiple of the inclusion map. 

Theorem 10.71 obviously implies Theorem 10.31 Indeed, if the assumptions of Theorem 10.31 
apply for a Banach space X, then let the sequence "(zj)" of Theorem 10.71 to be the se- 
quence (z n ) (which appears in the assumptions of Theorem 10.31) and the sequences (xf)i 
of Theorem 10.71 to be all equal to the sequence (z n ) (which appears in the assumptions of 
Theorem 10.31) . Notice that since (z n ) is weakly null, we have that (z n ) is unconditional by 
[5], [6] and it is trivial to verify that any seminormalized unconditional basic sequence with 
Property PI must have Property P2. 

Another easy corollary of Theorem 10. 71 is obtained if we set (zj) to be the unit vector basis 
of £ p for some fixed p G [l,oo). Then we obtain the following result (we present its short 
proof in Section [3]). 

Theorem 0.8. Let X be a Banach space. Assume that there exist seminormalized basic 
sequences (x^, (jji) in X such that (x^ has spreading model (xi) which is s.c. dominated by 
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(6) 



The sequence (x")j has a spreading model such that 
( z t)7=i i s C -dominated by (x")" =1 for some C independent of n. 



the unit vector basis of £ p , for some p G [1, oo) and {y^ has spreading model {y^ such that 
p belongs to the Krivine set of {yi). Then there exists a subspace Y of X with a basis and 
an operator T G £{Y,X) which is not a compact perturbation of a multiple of the inclusion 
map. 

By [21 Proposition 2.1] we know that a seminormalized subsymmetric basic sequence is 
not equivalent to the unit vector basis of t\ if and only if it is s.c. dominated by the unit 
vector basis of t\ . Thus Theorem 10.81 for p = 1 implies Theorem 10. 51 

In Section [1] we present an equivalent statement to the following question. Given a Banach 
space X does there exists a subspace Y having a basis and T G £{Y,X) such that T $ 
Gy->x + K.{Y,X)7 All of the above mentioned results in fact assert that this last problem 
has an affirmative answer on a Banach space X under the corresponding assumptions on X 
given by each result. 

In Section [2] we extend the classical result of Odell on Schreier unconditionality. Recall 
that a finite subset F of N is called a Schreier set if \F\ < min(F) (where \F\ denotes the 
cardinality of F). A basic sequence {x n ) is defined to be Schreier unconditional if there is a 
constant C > such that for all scalars (a*) G cqo and for all Schreier sets F we have 



In this case (e^) is called C-Schreier unconditional. The important notion of Schreier 
unconditionality was introduced by E. Odell [15] and has inspired rich literature on the 
subject (see for example [3J, [H])- Earlier very similar results can be found in [HI page 77] 
and [18, Theorem 2.1']. 

Theorem 0.9. [15] Let {x n ) be a normalized weakly null sequence in a Banach space. Then 
for any e > 0, {x n ) contains a (2 + e)- Schreier unconditional subsequence. 

The main result of Section [2] is Theorem 12.91 where we extend Theorem 10.91 to arrays. 

In Section [3J we prove Theorem 13.11 which also gives sufficient conditions on a Banach space 
X so that the "multiple of the inclusion plus compact" problem has an affirmative answer on 
X. Then Theorem 13 .11 is used in the proof of Theorem 10 . 71 which is further used in the proof 
of Theorem 10. 81 The main result of Section [21 Theorem 12.91 plays an important role in the 
proof of Theorem 13.11 In Section [3J we also examine the relationship between the Properties 



As already mentioned we can restrict the question of the "multiple of the inclusion plus 
compact" problem to HI saturated spaces. So for a nontrivial application of the above results 
we need to look at the list of HI spaces. In his 2000 dissertation N. Dew [7] introduced a new 
HI space which we refer to as space D. In Section H] we examine some of the basic properties 
of D and we apply Theorem 10.81 to prove that the "multiple of the inclusion plus compact" 
problem has an affirmative answer in D. 

1. An almost equivalent reformulation of the "multiple of the inclusion 




PI and P2. 



PLUS compact" problem 



A closely related problem to the "multiple of the inclusion plus compact" problem is the 
following 
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Question 1.1. Assume X is an infinite dimensional Banach space. Is there a closed sub- 
space Y of X having a basis and an operator T G C(Y, X) so that T G" Ciy^x + X) ? 

Notice that Theorems 10.71 and 10.81 provide sufficient conditions for this question to have 
an affirmative answer. Moreover, the proofs of Theorems 10.31 and 10.51 also reveal that they 
provide an affirmative answer to this question. 

Before presenting Proposition 11.31 which is the main result of the section, we start with 
the following remark which will be used in the proof of Proposition 11.31 

Remark 1.2. Let X be a Banach space containing no unconditional basic sequence. Let (x n ) 
be a seminormalized basic sequence in X and S G C([(x n )),X) such that (Sx n ) converges. 
Then there exists a subsequence {x nk ) of (x n ) such that the restriction of S on the span of 
(x n2k -x n2k _J is compact. 

Proof. Since X does not contain any unconditional basic sequence, no subsequence of (x n ) 
is equivalent to the unit vector basis of £\, hence by Rosenthal's i\ Theorem [17] there 
exists a subsequence (x nk ) of (x n ) which is weak Cauchy. Thus the sequence (x n . 2k — x n2fc l ) 
is seminormalized and weakly null. Since (Sx n ) converges we have that (S(x mk — x n2fc l )) 
converges to zero. By passing to a further subsequence of (x n ) and relabeling we may assume 
that \\S(x n2k — £n 2fe _i)|| < 00 which easily implies that the restriction of S on the span of 
(x n2k - x n2k _^) k is compact. □ 

The next result gives an equivalent characterization of Question ll.il 

Proposition 1.3. Let X be a Banach space. The following are equivalent. 

(A) There exists a basic sequence (x n ) in X and an operator T G £([(x n )], X) such that 
TGX^„ )HX + /C([(x n )],X). 

(B) There exists a seminormalized basic sequence (x n ) in X and a sequence (y n ) in X 
such that (x n ) dominates (y n ) and one of the following three happen. 

(i) For all scalars X, (y n — Xx n ) has no converging subsequence. 

(ii) There exists a scalar X, such that (y n — Xx n ) converges and there exists a bounded 
sequence (z n ) C span {xi)^ such that {w n — Xz n ) has no converging subsequence, 
where each w n G span (yi)^ has the same distribution with respect to the (yi)i 
as z n has with respect to the (xi)i. 

(iii) There exist scalars Ai ^ X2 and increasing sequences (k^), (k^) of N such that 
(y fc i - XiX^Jn converges for z G {1,2}. 

Proof. Note that if the Banach space X contains an unconditional basic sequence then (A) is 
satisfied as we noticed in the Introduction. Also, in that case, (B)(i) is satisfied (if we set (x„) 
to be a seminormalized unconditional basic sequence in X and (y n ) to be equal to ((— l) n x n ). 
Thus we can restrict our attention to a Banach space X containing no unconditional basic 
sequence (i.e. by Gowers' dichotomy [9], X is saturated with HI spaces). 

To show (A) implies (B) let T G C([(x n )}, X) for some seminormalized basic sequence 
(x n ) C X where T G" Ci[( Xn )]->x + K([(i n )], J). Then we see that (x n ) dominates (y n ) : = 
(T(x n )). Then either (y n — Xx n ) has no converging subsequence for all scalars A (hence (i) 
holds) or there is a unique scalar A such that (y n — Xx n ) has a converging subsequence or 
there exist scalars Ai 7^ A 2 and increasing sequences (&*), (k^) of N such that (y^ — XiX k i n ) n 
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converges for i G {1, 2} (hence (iii) holds). Thus if (B) is not valid, then there exists a unique 
scalar A such that (y n — \x n ) converges and for all bounded sequences (z n ) C span (x n ) we 
have (T(z n ) — Xz n ) converges. Thus T — \i^ Xn ^ x is compact which is a contradiction. 

To show (B) implies (A) we assume we have a pair of sequences (x n ) and (y n ) in X with 
(x n ) a seminormalized basic sequence, and (x n ) dominating (y n ). Define a bounded linear 
operator T : [(x n )] — > X by T(x n ) = y n . We show that in each case (i), (ii) and (iii) we have 
T?Ci Kxn)] _> x + lC([(x n )},X). 

Case (i): Assume T G \i[( Xn )]->x +^([(in)],^) for some A. Then T — \i[( Xn )]->x is compact. 
Notice that (x n ) is bounded thus we have ((T— Az[( £Cn )]_ > x)a; n ) n = (y n — Ax„) n has a convergent 
subsequence. A contradiction to the assumption (i). 

Case (ii): Assume that for some scalar \i we have that T — e ^([(^n)], A). On 

the other hand, by Remark 11.21 applied to S := T — Air(__)i_»;_ an d (x n ) we have that there 
exists a subsequence (x nk ) of (x„) such that the restriction of T — \i[( Xn )]-*x on the span of 
(x n2k — Xn.2j._Jfc is compact. Let K denote the span of (x n2k — x„ 2fc l )fc- Then the restriction 
of the operator 

(A - n)i [iXn)] ^ x = (T - M*[(*„)]-jO - - te[(x n )}-+x) 
on y is compact. Since Y is infinite dimensional we obtain that A = \x. Hence T— Xi[( Xn )]->x £ 
/C([(x n )], X). This contradicts the assumption (ii) that there exists a bounded sequence 
(z n ) G span(xj)j such that {w n — \z n ) n = {{T—\i^ Xn ^ x ) z n)n has no converging subsequence. 

Case (iii): Assume that for some scalar \i we have that T — jtM[(_ n )]-*x £ ^([(x n )],X). Then 
as in the proof of case (ii) we obtain that fi = Ai and /x = A2 contradicting the fact that 
Ai ^ A 2 . ' □ 

2. Extension of Odell's Schreier Unconditionality 

The main result of this section is Theorem 12.91 which is an extension of Theorem 10.91 to 
an array of vectors of a Banach space such that each row is a seminormalized weakly null 
sequence. Then Theorem 12.91 guarantees the existence of a subarray which preserves all the 
rows of the original array and has a Schreier type of unconditionality. Theorem 12.91 will be 
an important tool in the proof of the main result of this article (Theorem 10. T|) in section __ 

We now define the notions of array, subarray and regular array in a Banach space. An 
array in a Banach space X is a sequence of vectors in (xij)i & ^-j e j i C X where J{ is an infinite 
subsequence of N for all i G N, say J, = {ji t i < < • • ■ } and (xi,j ik )keN is a seminormalized 
weakly null sequence in X for all ieN. Let < r i denote the reverse lexicographical order on 
N 2 . Let (a^OieNyeJj be an array in a Banach space X. A subarray of (x,j)j e N;jeJi is an 
array (y^ejien^eLi in X which satisfies the following two properties: 

(7) {y i4 :£eLi}C { XiJ : j G Jj} for all % G N 
and 

if Ji = < ji t 2 < ■ ■ ■ }, and Lj = {£ it i < £ i>2 < • • • } for alH G N then there 

(8) exists a < r t -order preserving map H : {(i,ji,k) '■ h k G N} — ► {{i,ji,k) '■ h k G N} 

such that y iA k = x H (i,j iik ) for all i, k G N. 
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A regular array in a Banach space X is an array ( x i,j)i,jeN-,i<j which is a basic sequence 
when it is ordered with the reverse lexicographic order: x^i, Xi j2 , £2,2, x i,s, £2,3, £3,3, 2^4, . . .. 
For convenience, throughout this paper, we denote the index set of a regular array by J, i.e. 
/ = 6NxN:K j}. The only reason that we choose to work with / rather than N 2 

is because / has an enumeration (given by the reverse lexicographic order) that is easy to 
write down. 

Notice the following: 

Remark 2.1. If (xij)(ij)ei is a regular array and {yij)(ij)ei is a subarray o/(^ij)(tj)e/ then 
(yi,j)(i,j)ei is a ^ so regular. 

The proof of the following remark can be found in functional analysis text books such as 
[H, Theorem 1.5.2] or [T31 Lemma l.a.5]). 

Remark 2.2. Let (xi)f =1 be a finite basic sequence in some infinite dimensional Banach 
space X having basis constant C . Let (yi) be a seminormalized weakly null sequence X and 
e > 0. Then there exists an n G N such that (xi, x 2 , ■ ■ ■ , x^, y n ) is a basic sequence with 
constant C(l + e). 

By repeated application of Remark 12.21 we obtain the following. 

Remark 2.3. Let X be a Banach space and for every i G N let {xij)^ be a seminormalized 
weakly null sequence in X . Then there exists a subarray (yi,j)(i,j)ei °f ( x i,j)(i,j)£i which is 
regular. Moreover, the basis constant of (y^ f)^ can be chosen to be arbitrarily close to 1. 

For p G N any element a = (ctj)f =1 of IR P will be called a p-pattern and for such a define 
\a\ := p. Let be a regular array in a Banach space X. Let / G X*, k G N, 

^ = ( a «)f=i a p-pattern and F = {ji, j 2 ■ ■ ■ ,j p } Q N. We say that / has pattern a on (k, F) 
with respect to ^ f{ x k,ji) = &i for all i G {1,2,... , p}. 

Lemma 2.4. Let be a regular array in a Banach space X , a be a p-pattern, 

T C 2Ba(X*), 5 > and io,jo, ko G N with j > i . Then there exists a subarray (yi,j)(i,j)<=i 
°f ( x i,j)(i,j)ei such that for any F C {k ,k + l,k + 2, .. .}, with (io,jo) < r e (k ,mm(F)) and 
\F\ = p we have the following: 

If there exists f G T having pattern a on (ko,F) with respect to {yi.j)(i,j)ei then there exists 
g G T having pattern a on (k ,F) with respect to (yi,j)(ij)ei and \g(yi ,j )\ < S. 

Additionally, (yi,j)(ij)ei can be chosen to satisfy = Xij for all < r e (io, jo)- 

Proof. First note that there exists m G N such that for all / G 2Ba(X*) there exists j' G 
{jo, jo + 1, jo + 2, . . . ,m} with \f(x io>j >)\ < 5. 

Otherwise assume that for all m G N there exists x* m G 2Ba(X*) with \x* m (xi 0t j)\ > 5 for 
j G {jo, • • • ,m}. By passing to a subsequence and relabeling assume that (x* m ) converges 
weak* to some x* G 2Ba(X*). Then |x*(xj OJ )| > 5 for all j > jo, which contradicts that 
each row, in particular (x io j)^L iQ) is weakly null. 

Let N = {m + 1, m + 2, . . .}. Divide the set [N] p of all p-element subsets of N as follows: 
[N]p = UfJjlAj where for j G {j , jo + 1, Jo + 2, . . . , m} we set 
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Aj = {F G [N] p : there exists / G T having pattern a on (k , F) 
with respect to (zij)(i,j) 6 j and \ f{x i(hj )\ < 5} 

and 

A m+ i = {F G [N] p : there is no / G T having pattern a on (fc , F) with respect to (^i,i)(ij)ei} • 

By Ramsey's theorem there exist a subsequence (m^j G [iV], and j' G {jo, jo+1, • • • , m + 
1} such that [(m i )°Z 1 ] p C A,/ (where for an infinite subset M of N, [M] denotes the set of 
all infinite subsequences of M). We then can pass to a subarray (yi,j)(i,j)ei °f ( x i,j)(i,j)ei by 
setting 

{Eij if (hj) <ri (ioJo) 
Xij' if (hj) = (io,jo) 
X i>mj if (Z , jo) <r£ (i, j). 

Then (yij) satisfies the conclusion of the lemma, since if for some F C {fc , ko + 1, ■ ■ ■} 
with (io)Jo) <rf (^o, mrn (F)) and |F| = p there exists / G T having pattern a on (k ,F) 
with respect to {yi,j)(i,j)ei, then the integer j' that was obtained by Ramsey's theorem could 
not be equal to m + 1, hence j' G {jo, jo + 1, ■ ■ ■ , m} and the definition of Af gives the 
conclusion. □ 

Lemma 2.5. Lei o fre regular array in a Banach space X , A be a finite set of 

patterns, T C 2£>a(X*) ; 5 > and z'o, &q G N. Tnen £nere exists some subarray (yi,j)(i,j)ei of 
{xi,j)u,j)ei such that for any a in A, F C {A; , fe + 1, &q + 2, . . .}, with \F\ = |a| and jo G N 
with jo > io and (io,jo) <ri {ko,min(F)) , we have the following: 

If there exists f G T having pattern a on (k ,F) with respect to [yi,j)(ij)ei then there exists 
g G T having pattern a on (ko,F) with respect to (yi,j)(i,j)ei and \g(yi ,j )\ < S. 

Additionally, we can assume that x it j = for all (i,j) < r £ (io,io)- 

Proof. We begin by fixing one particular element a in A. Now apply Lemma 12.41 for 
a, 8, io, h and j = i to obtain some subarray (yt'j°){ij)<=i of (a^ Q )( i)i)6 j 
with the property that for any F C {k , k + 1, k + 2, . . .}, with (io, jo) <r£ (&o, min(F)) 
and \F\ = \a\ we have the following. If there exists / G T having pattern a on (ko, F) with 
respect to (yij°)(ij)ei then there exists g G having pattern a on (k ,F) with respect to 

(yS°)w)e/ and If (%Wo)l < 5 ' Moreover , J/Jf = for a11 (*, j) <r£ («o, jo)- 
We repeat inductively on j counting upward from i . Thus we next apply Lemma [2T41 to 

(yS°)(ij)e/> J 7 , 5, i Q , fe , jo = io + 1, to obtain some subarray (w^ 0+1 ) (iji)e/ of (yt'j°)(i,j)ei 
with the property that for any F C {/c , fco + 1, fco + 2, . . .} with (io, jo) <rf (&o, min(F)) 
and |F| = |a| we have the following. If there exists / G T having pattern a on (ko, F) with 
respect to (Vi , j 0+ )(i,j)ei then 

• there exists g G T having pattern a on (k ,F) with respect to (y*^ 0+ )(i,j)ei and 
lf(<l +1 )i<^smce^ +1 =^)and 
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• there exists h G T having pattern a on (k ,F) with respect to (yfj° an d 

i%as)i< 5 - 

Moreover, y^- 0+1 = y a ^° for all < H (i ,i + 1). 

Continue in this manner for each jo £ {^o + 2, io + 3, . . .}. Note that by fixing the elements 
of the subarray for < r i [io,jo) & t each step jo, there exists a subarray after infinitely 
many steps which possesses the properties of all the previous subarrays. We call this "limit" 
subarray {Vij){i,j)^i and notice it has the property that for any F C {k , k + 1, k + 2, . . .} 
with |F| = \a\ and for all j G N with (ia,ja) < r i (k , min(F)), we have the following: 

If there exists / G T having pattern a on (ko, F) with respect to (ytj)(i,j)ei then there exists 
g G T having pattern a on (ko, F) with respect to {yfj)(ij)ei an d \9(Vi ,j )\ < ^ 

Notice also that any further subarray of {yf j)(ij)ei nas this same property. Then repeat 
the above process for each a G A to obtain the desired array. □ 

Notice that if (yi,j)^,j)ei is the result of applying Lemma I2T41 to some regular array and 
( z i,j)(i,j)£i i s a subarray of (yi,j)(i,j)ei then (2i,,j)(ij)eJ does not necessarily retain the property 
in the conclusion of Lemma [2.41 However, if (yi,j)(i,j)ei is the result of applying Lemma [2.51 
to some regular array and (^ij)(*,j)6J i s a regular subarray of {yi,j)(i,j)ei then (^ij)(i,i)eJ does 
retain the property in the conclusion of Lemma [231 This idea is summarized in the following 
remark. 

Remark 2.6. Let (xi,j)u,j)£i &e a regular array in a Banach space X , A be a finite set of 
patterns, T C 2£>a(X*) , i , k G N and 5 > 0. Taen taere exists a subarray (yi,j)(i,j)ei 
of such that if (^ij)(ij)e/ is any subarray of (yi,j)(i,j)ei! then for any a in A, 

F C {fc , fco + 1, + . . .}, TOi/j |F| = |a| and j G N wita (io, jo) <re (ko, min(F)), we have 
the following: 

If there exists f G T having pattern a on (k ,F) with respect to (%i,j) then there exists 
g G T having pattern a on (k ,F) with respect to {zij)(i t j)^i and \g(zi j )\ < 5. 

Additionally, we can assume that Xij = yij for all (i, j) < r £ (io,io)- 

Lemma 2.7. Let (xij)a^ e i be a regular array in a Banach space X , A be a finite set of 
patterns, T C 2Ba(X*) and 5 > 0. Then there exists some subarray (yi,j)(ij)ei °f ( x i,j)(i,j)ei 
such that for all a in A, k G N, F C {k , k + 1, k + 2, . . .} with \F\ = \a\ and (io, jo) £ I 
with (1, ko) < r e (io, jo) <rt (ko, min(F)) we have the following: 

If there exists f G T having pattern a on (k ,F) with respect to (yi,j)u,j)ei then there exists 
g G T having pattern a on (k ,F) with respect to (yi,j)(i,j)ei an d \9(yio,jo)\ < 

Proof. We will apply Remark 12.61 inductively with the subarray changing at each step, but 
A, T and 5 remaining as in the hypothesis and (io, ko) cycling through N 2 . We create 
the final subarray (yi,j)(i,j)ei of (xij)(i,j)ei inductively one column at a time. At the j 
step of the induction we create a subarray (yi°j)(i,j)ei °f (yi°j+j -i)(i,j)ei (where for j = 1, 
(yi,j)(i,j)£i = ( x i,j)(i,j)ti ) and we set Vido = Vijo for i e {1, 2, . . .,j }. 
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COLUMN 1: Apply Remark 12.61 to (xi,j)u,j)ei, A, J 7 , 5, io = 1, and ko — 1 to obtain a 
subarray {ylj)(ij)ei with the property that for all a in A, F C {1, 2, . . .} with |F| = |a| such 
that (1, 1) < r £ (k Q , min(F)) we have the following: 

If there exists / G J 7 having pattern a on (ko, F) with respect to (j/i^)(ij)e/ then there exists 
g E J 7 having pattern a on (fc , F) with respect to (yjj)(i,j)ei and 1 (2/1,1) I < 8. 

We then fix column 1 of (yi,j) by setting := y\ v 

COLUMN 2: Apply Remark [2.61 to (yl t j + i)(i,j)ei, A, J 7 , 6, successively for each (i , k ) E 
{(1,2), (2, 1), (2,2)} to obtain a subarray (yfj)^ E j with the property that for all a in A, 
F C {2,3,...} with \F\ = \a\, i G {1,2} and k G {1,2} such that (z 0> 2) < rf (A; ,min(F)) 
we have the following: 

If there exists f E J 7 having pattern a on (k , F) with respect to (yu)(i,j)ei then there exists 
g E J 7 having pattern a on (ko, F) with respect to (yt 3 ){i,j)ei and ^(j^) I < 

We then fix column 2 of (yij)(i,j)£i by setting ?/j >2 := y 4 2 2 for i 6 {1, 2}. 
COLUMN j : Apply Remark [2761 to {yi°j+j -i) , A, JF, 5, successively for each (i , k ) G 
{(«, Jo) : 1 < i < jo}U{(j 0) j) '■ 1 < j < jo} to obtain a subarray (y-°)(i,j)e/ with the property 
that for all a in A, F C {j , j +l, • • •} with \F\ = \a\, io G {1, 2, . . . , j } and ko G {1, 2, . . . , j } 
such that (io, jo) <rf (ko, min(F)) we have the following: 

If there exists / G J 7 having pattern a on (ko, F) with respect to (yf j)(i,j)ei then there exists 
g G T having pattern a on (ko, F) with respect to (yl°j)(ij)ei and |<7(2/fo ,- )| < 8. 

We then fix column j of (yij) (i,j)<=i by setting y iJo := ^ for i G {1, 2, . . . , j }. 

Let a in A, fc G N, F C {k , k + 1, k + 2, . . .} with |F| = |a| and (io, jo) G / with 
(Ij^o) <rf (*o,jo) <rf (&o, mm (-F)) all be given. Since (1, ko) < r e (io,jo) we have that 
ko < jo- Since (io, jo) <ri (ko, min(F)) we have that there exists a set G C N with \G\ = \F\, 
min(G) > k and (yk ,j)jeF = (y J k 0l j)jeG- Thus if there exists / G J 7 which has pattern a on 
(ko, F) with respect to (yi,j)(ij)ei then / has pattern a on (ko, G) with respect to {yfj)(i,j)eii 
therefore by the property of (yf j)(*,j)e/ we obtain that there exists g E J 7 which has pattern 
a on (ko, G) with respect to (2/jj)(i,i)ei and |#(i/i°j )| < 5- Hence g has pattern a on (k ,F) 
with respect to (yi,j)(ij)ei and Ifi'Cz/io^'o) I < D 
Lemma 2.8. Lei (xi,j)(i,j)ei be a regular array in a Banach space X, e > 0, and k G N. Then 
there exists some subarray (yi,j)u,j)ei °f ( x i,j)(i,j)ei suc h that for any pattern a in [—1, l] p for 
some p < k, for any k G N and any F C {ko, k + 1, k + 2, . . .} with \F\ = \a\ we have the 
following: 

If there exists f G BaX* having pattern a on (k ,F) with respect to (yi,j)u,j)ei then there 
exists g G (1 + e)BaX* having pattern a on (ko, F) with respect to (yi,j)(ij)ei and 

Yl \a(yij)\<£ 

{(i,j)eI:j>ko}\{{ko,£y.eeF} 
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Proof. Let (<J,-)£o C (0, 1) such that 

<9) wRj( 4cMo+ S 4c ^) <e 

where C is the basis constant for the regular array (^jj)(j,j)e/- Let A be a Sq net for [—1, 1] 
containing zero and for each j G N choose a 5j net .Bj for [—1, 1] with {0} C A C Bj C 
S 2 C .... Let 



(10) A = {a = (ai) p i=1 G A p : where 1 < p < k} 
and 

(11) T = {f G (1 + |)5apT) : /(xy) G 5, for all (z, j) G /}, 

where with out loss of generality we assume e < 2 so T C 2Fa(X*). Since G Ao the zero 
functional is in T therefore T is nonempty . 

We construct the subarray (j/ij)(ij)ej °f (, x i,j)(i,j)ei inductively. First we will construct 
a subarray {y}j){i,j)el °f ( x i,j)(i,j)£i> then for j G N for j > 2 we will construct a subarray 
(yl,k)(i,k)ei of (2/i i fe + j_i)(i,fe)e/- Once the subarray (yi ik )(i,k)ei has been constructed we set 
y« := l/ij for 1 < i < j. Since (yl k )(i,k)a is a subarray of (y^ j _ 1 )( i , fc )6/ and y<j = yfj for 
1 < i < j, w e have that {yi,j)(i,j)ei is a subarray of (^ij)(ij)ej. 

Apply Lemma O to (xi,j)(i,j)ei, A, 5i, T to obtain a subarray (ylj)(i,j)ei of (zij)(«J)eJ 
such that for all a G A, A; G N, F C {& , &o + 1, &o + 2, . . .} with |F| = |a| and (z , jo) G J 
with (1, ko) < r e (io,jo) <ri {ko, min(F)) we have: if there exists / G T having pattern a G A 
on (ko,F) with respect to (ylj)(i,j)ei then there exists g G T having pattern a on (k ,F) 
with respect to {ylj)(i,j)ei and |^(2/i j )| < Define the elements of the first column of 
(yi,j)(i,j)ei by setting y^i := y\ x . Define for each b G B\ the set 

(12) T h = {/ G F : /(y lfl ) = 6}. 

Apply Lemma I2TT1 to (y^ A ^2, Ff, successively for each b G Si to obtain a subarray 

(y?j)(ij) eI of (ylj + i)(i,j)6/ such that for all a G A, fc G N, F C {/c , &o + 1, &o + 2 , . . .} with 
\F\ = \a\ and (io,jo) G / with (l,k ) < r i (io,jo) < r t (k ,mm(F)) we have for all b G B\\ if 
there exists / G having pattern oeion (k ,F) with respect to (j/f j)(ij)e.f then there 
exists g E J-'b having pattern a on (k ,F) with respect to {yf^){i,j)&i and |g(j/j 2 j )| < <$2- 

Define the elements of the second column of (yi,j)(i,j)ei by setting y^ 2 ■= yf 2 , and 1/2,2 : = 
l/l 2 - F° r e& ch 6 = (bi,b 2 , 63) e Bi x B 2 x B 2 set 

(13) Fg = {/ G F : = 6 ls /(y 1)2 ) = b 2 and /(y 2 , 2 ) = 6 3 }- 

Apply Lemma 12.71 to {y% j+2) (i,j)ei > A ^3> successively for each b G Si x B 2 x F 2 

to obtain a subarray (yfj)(i,j)£i of (2/^+2) sucn ^at for all a G A, fc G N, F C 

{fc ,fc + l,fco + 2,...} with |F| = |a| and (i ,j ) G / with (l,/c ) < rf (z ,jo) <rf (A; ,min(F)) 

we have for all 6 G F pil x F pi2 x B P22 : if there exists / G Fg having pattern a 6 Aon 

(&o, F) with respect to (j/i 3 -)(ij)ei then there exists g G Fg having pattern a on (& , F) with 

respect to (yfj)(ij)ei and |^(j/f 0> j )| < <V Define the elements in the third column (yi,j)(i,j)ei 
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by setting y 1>3 := yf 3 , y 2 ,3 : = 2/ 2) 3and 1/3,3 := 2/1.3- Continue in this manner to create the 
subarray (j/ij)(ij) e j of (xijOwje/- 

Let / G Ba(X*), c be a p-pattern for p < fc, fc G N and F C {fc , A; + 1, fc + 2, . . . } with 
|F| = p such that / has pattern con (ko, F) with respect to (j/y)(ij)ei- 

First it is easy to see using (jUJ) that since / G 5a (X*) there is / G T (as defined in (ITTT) ) 
such that 

• for all j G F we have /(j/^j) G A and \f(y ko ,j) - f(yk ,j)\ < So, and 

• if we define the finite set G C N by (y ko ,j)jeF = ( x k Q ,j)j&G, then for all G 
I \ {(k ,j) : j EG} we have that \f(x itj ) - f(x itj )\ < 6j and f(x itj ) G Bj. 

Let a := (f(yko,j))jeF and note that / has pattern a on (k ,F) with respect to (yi,j)(i,j)ei- 
We will find a functional g G (1 + |)JBa(X*) such that (7 has pattern a on F with respect to 
(Vi,j)(i,j)a and £/'\{(fc j ):i6 F} < e- 

We proceed to find such functional g. But first a bit of notation, for ap-pattern a = («i)f =1 
we define its derivative a' = (aj_i)f =2 . 

We will walk through the index set V = {(i,j) G / : j > fco} proceeding through this 
set in <rf-order and at each step find a functional g^j with the property that if (i,j) G" 
{(k ,j) : j G F} then |<7i,j(ytj)| will be small and "agree" with the previous functional on 
{{i',f) G V : (i',f) < r e (hj)}- If (hj) £ {(^o,j) : j G F} then we will not change the 
previously defined functional. We will assume k > 3 for purposes of demonstrating the 
construction, but if A: = 1 or 2 then we proceed similarly. 
STEP (l,Jfe ): Note (1, k ) £ {(k ,j) : j G F} (since k Q > 3). Let 

b = (f(yi,i), f(V2,i), /(2/2,a), /(j/3,1), • • • , , /(yfco-i,fco-i)). 

Then / G Fg, / has pattern a on (k ,F) with respect to (yi,j) , {Vij)(ij)el' * s a subarray 

of (yf°fi)(i,j)ei' and (1, &o) <rf (l,^o) <rf (^o, min(F)), (the last inequality is valid since 

ko > 3). Thus there exists gi )ko G Fg such that has pattern a on (fc , F) with respect to 

(yi,j)(i,j)<Ei and lfl'i,fco(yi,feo)l < <W Set F lifco = F and a lifco = a. 

STEP (2,Jfe ): Note that (2, Jfe ) G" {(fc , j) : j G F ljfco } (since k > 3). Let 

& = if{yi,i), f (1/2,1), / (2/2,2), • • • , f(yk -i,k -i),9i,ko(yi,ko))- 

Then gf ljfco G F uec6 , g ljko has pattern a 1)Jfco on (k ,F 1)ko )) with respect to (yij)(i,j)ei and 
(1,/co) <rf (2, fc ) < r £ (ko, min(F)), (the last inequality is valid because fc > 3). Thus there 
exists g 2 ,fc such that g2,k has pattern on (k , F 1>ko ) with respect to (yi,j)(i,j)ei and 
|p2,fco(3/2,fco)| < <W Set F 2jfco = F ljfco and a 2ifco = ai,fc - 

We continue similarly until the (ko — 1, &o) step. The step (ko, ko) is slightly different. We 
separate this step into two different cases depending on whether or not (ko, ko) G {(ko,j) ■ 
j G F fco _i jfeo }. 

STEP (k ,k ): If (&o, fa) G {(A; ,j) : j G -Ffc -i,fc } then set 

9k ,k 9k ~l,k , Fk 0: k 

F ko -i,k \ {ko} and a koM = a' ko _ 1M . 

If (k ,k ) G" {(k ,j) : j G -F fco _i ifco } then (Ar ,fco) <rf (k , min(F)). Let 

& = (/(x/1,1), /(2/2,l), /(y2,2), • • • , /(j/*o-l,*o-l)j 9i,k (yi,ka)> 92,k (y2,k ), gk -\,k (Vk ~i,ko))- 

13 



Then g ko -i,k G J 7 ^ 9k -i,k Q has pattern a fco -i,fc on ( k o, Fk ~i,k ) witn respect to (yi,j)(i,j) e i, 
(yi,j)(i,jW is a subarray of (y^)(ij)ei and (1, fc ) <rf (&o, ^o) <ri (h, min(F)). Thus there ex- 
ists g koM G Ti such that g k0tko has pattern a fco -i,fc on (^o, F feo _i jfeo ) witn respect to (yi,j)(ij)ei 
and g ko ,k (yk M)) < <W In tnis ca se set F fc0jfco = F feo _ 1)S . and a koM = a ko _ 1M) . 

Then start again with the first entry (1, ko + 1) of the next column as in steps (1, ko) and 
(2,k ). 

STEP (1, A; + 1): Note that (1, k + 1) g" {(fc , j) : J G i 5 *,,*,,}, ( since fc o > 3). Let 

6 = (f{yi,l), f (2/2,l), /(2/2,2), • • • ,fl'l,fco(yi 1 *o)»52,*o(2/2,*o)^*o,fco(2/*o,fco))- 

Then £ fc0ifco G J^, has pattern 4 0iA;o on (fc , i^ ,fc ) witn respect to (y<j)(ij)6/, {yi,j) (i,j)el> 
is a subarray of (yij)(i,j)ei and (1,/co) <rf (l,&o + 1) <rf (^0, min(F)), (the last inequality 
is valid since fc > 3). Thus there exists <7i,fc +i G .F5 such that gi,fc +i has pattern afc 0i fc 011 
(k ,F k(hko ) with respect to (j/ij)(i,i)ei and |pi,fc +i(2/i,fe +i)| < 4„+i- Set F lifco+1 = F fc0jfeo and 

a l,fc +l = a k ,k - 

Continue in this manner to generate a sequence of functionals (gi,j)(i,j)ei'- We only need 
to distinguish two cases every time we reach the k row as in step (ko,ko). Let g G (1 + 
|)£?a(X*) be a weak*-accumulation point of sequence (gi,j)(i,j)ei'- Note g has the following 
two properties: 

• g has pattern a on (k ,F) with respect to {yi,j)(i,j)ei, and 

• S(i,i)e/'\{(jko,^):€e-F} \9{yi,j)\ <e - 

Since 0(2/*^) = f(y ko ,e) G A for all £ G F and \f(y k(h e) - f(yk ,e)\ < S for all f 6f, Q 
implies that there exists g G X* such that \\g\\ < \\g\\ + 1 < 1 + e and g(y k(h e) = f(y k[h e) G A 
for all £ G F (thus g has pattern con (k ,F) with respect to (j/i,j)(ij)el) and 

lfif(j/<j)l<e 

(ij)e/'\{(fc ,£):teF} 

completing the proof. □ 

Theorem 2.9. Let (^ij)(ij)e/ fre a regular array in a Banach space X, (Mj)j^ C N 6e an 
increasing sequence of integers and e > 0. T/ien i/iere exists a regular subarray (yi,j)(i,j)ei of 
such that for any finitely supported scalars {<kj)(i,j)ei> k E N and FCN with 
\F\ < M m i n ip\ and ko < min(F) we have 

II Yl ^iVhiW - J^W^2 a ko,jyk ,jl 

Proof. Let rj > such that 

(14) 2(277 + 1) < 2 + | 

where C is the basis constant of the regular array Apply Lemma l2T51 to (^jj)(ij)e/, 

rj and Mi to get (yljj^ei- Define y M := y\ v 

Apply Lemma El to (j/^+i^s/, r? and M 2 to get (y? ^(vflei- Define y ii2 := y? 2 for 
i = l,2. 

14 



Assuming that (yfj has been denned (and thus (yi,j)(i,j)ei-j<e) has also been defined) 

apply Lemma EE] to (ytj+e-i)(i,j)ei, V and M e to get (j/i 3 -)(ij)eJ- Define := for 

i = i,2,...,e. 

Inductively construct the entire array (yi,j)(i,j)ei an d notice (yi,j)(i,j)ei is regular by Re- 
mark I2HJ 

Let ko G N, F C {A; , fc + 1, &o + 2, . . .} with |F| < M min (i?) and finitely supported scalars 
(ot,i)(i,j)6/ be given. We can assume without loss of generality that 

Then < 2C for el. Let / G Ba(X*) such that 



/ I ^ a fc jl/fco,j ) - II /^kojUkodW- 

\jeF J ieF 



vjeF / jeF 

Let a = (f(yk ,j))j<EF be a p-pattern where p = \F\. Obviously / has pattern a on (k , F) with 
respect to {yi,j)(i,j)ei- Then by considering the subarray {yi,j)(i,j)ei,j>mm(F) i,j)El:j>min 
we obtain by the above that there exists g G (1 + r?).Ba(X*) having pattern a on (fco, -F) with 
respect to (y l , j )^i and J2{(i,j)ei:j>min(F)}\{(k ,£yjeF} \9{Vij)\ < V- Thus 



l = ll$>M2/dl>^ll a idViA > 2C(l + ri) 



> 



2C(1 + V ) 



2C> 

j>min(_F) 

^ak jg{Vk ,j 
jeF 



j>min(F) 



(is) > 2C ^ +v) \\J2 a ^yU 



2C{l + rj) 
1 



E a i,j9{yi,j) 

{(i,j)£l:j>mm(F)}\{(k ,j):j€F} 



2C(1 + V ) 



E 



{(i,i)e/:j>min(F)}\{(fco,i):jeF} 



E 



I + 77 



\g(Vij)\ 



1 x ^ 

- 2C(l + rjy^ ako ' jVko ^ 



jeF 



1 + 7? 



Thus by (JHJ) and ( fl5l) we have 

Q-jj^jjII = 1 > 2C(2r? + 1) ^ -E ak ojy k o,j : ll — _)_ I) II a k ,jyk 0% 



Since we can choose C, the basis constant of our regular array, arbitrarily close to 1 (see 
Remark 12.31) we have shown the result. □ 
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3. Existence of Non-trivial Operators 



In this section we will prove Theorem 10.71 which is one of the main results of the paper. 
Theorem 12.91 will play an important role in its proof (see the proof of Lemma [3. 3p . 

For the proof of Theorem 10.71 we will need the following result which also gives sufficient 
conditions for a Banach space X so that the "multiple of the inclusion plus compact" problem 
to have an affirmative answer in X. 

Theorem 3.1. Let X be a Banach space containing seminormalized basic sequences (x^)i 
and (xf)i for all n G N, such that < inf ni j < sup ni < oo. Let (x^ and (zi)i be 
seminormalized basic sequences not necessarily in X . Assume the following: 
• The sequence (xA is dominated by the sequence (x^. 

The sequence (xi) satisfies condition (Tj5|) of Theorem \0.T\ and has Property P2. 



• For all n G N the sequence (x")j satisfies condition (0|) of Theorem \0. 7[ 

Then there exists a subspace Y of X which has a basis and an operator T G C(Y,X) which 
is not a compact perturbation of a multiple of the inclusion map. 

In order to prove Theorem 13.11 we need the following two lemmas whose proofs are post- 
poned. 

Lemma 3.2. Let X be a Banach space, (x n ) be a seminormalized basic sequence in X having 
Property P2 and (z n ) be a seminormalized basic sequence not necessarily in X . Assume that 
the sequence (x n ) satisfies condition $5$ of Theorem\0. 7[ Then for all (5 n )^ =2 — (0, oo) there 



exists an increasing sequence M\ < M2 < ■ ■ ■ of positive integers and a subsequence (x ni ) of 
(x^ such that for all (a;) G c 00 , 

(16) || 2jai:r ni || < sup sup S n \\ y^ajZiW, 

n£f>i n<FCN;\F\<M n 

for some b~\ (where u n < F" means n < min(F) ). 

Lemma 3.3. Let X be a Banach space, (5 n ) be a summable sequence of positive numbers, 
(M n )^ =1 C N be a sequence of positive integers, (z n ) be a seminormalized basic sequence (not 
necessarily in X) and for every n GN let (2™)°^ be a weakly null basic sequence in X having 
spreading model (x 1 j)'^ =l such that < inf nj - ||x™|| < sup n j ||x™|| < 00 and condition |7|) of 
Theorem 0. ? is satisfied. Then there exists a seminormalized weakly null basic sequence (yi) 



in X such that 



^ su p su p ^n\\y2 ^4 < \\y2 aiyi\\. 

OO n n<FCN;\F\<M„ . gF 

Moreover, \\yj\\ > y inf n/m ||a;^J . Furthermore, if (x*) is any given sequence of functionals 
in X* and e > we can choose (jji) to satisfy \x*yi\ < e. 

We now present the 

Proof of Theorem \3.1[ Note that the assumptions of Lemmas 13.21 and 1 3.31 are almost included 
in the assumptions of Theorem l3.lt with the exception that in Lemma I3T31 the sequence (x")j 
is assumed to be weakly null for all n. We will replace the sequences (xA, (x")j, (xj) and (zi) 
by sequences QQ), (^ n ) 5 (Xi) and (Zi) respectively, such that (Xi)i, (X^)% and (Zi)i satisfy 
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the assumptions of Lemma 13.21 and 13.31 Notice that if l\ embeds in X then X contains an 
unconditional basic sequence thus as we mentioned in the Introduction, the conclusion of 
Theorem 13.11 is valid in this case. Therefore we can assume that i\ does not embed in X . 
Then by Rosenthal's l\ Theorem [T7j and a diagonal argument, by passing to subsequences 
of (xi), (xf)i and (zi) and relabeling, we can assume that and (x^)i are weakly Cauchy 
for all n G N. Let (XJ) := (x 2i - £ 2 i-i)> PQ 1 ) ■= (x 2i ~ x 2i-i)> (Xi)i ■= (%2i - %2i-i) and 
(Zi) := (z2i — z 2 i-i). It is trivial to check that all the assumptions of Lemma 13.21 and 13.31 
are satisfied for the sequences (Xi), (X?)i and (Zi). Thus assume that this is the case for 
the original sequences (x^, (xf)i and (z^. Let (<5 n )^L 2 be a summable sequence of positive 
numbers. First apply Lemma to obtain a subsequences (x ni ), 8i > and an increasing 
sequence (M n ) ng N of positive integers which satisfies (fl6l) . For every i G N let a norm 1 
functional x* satisfying x*x n . = \\x \\. Then apply Lemma [3~31 for (5„) ne N and (M n ) neN to 
obtain a basic sequence (yi) which satisfies ( TTTjl . 

Assume also that satisfies the "furthermore" part of the statement of Lemma [3.31 for 

the sequence (x*) and e = 5i(inf nji ||x™||) 2 /(8 sup nji Note that if |A| > ^3"'* then 

ll^ + A^n > |A||| yi || - k n j| > ii n | inf il^il - UnM > K\\ > fofKII 

/ 4 Slip ■ uE^M 

(by the "moreover" part of the statement of Lemma 13.31) . Also if |A| < ^ inf "'' pfqj then 

k + Aj/iH > |x*(x + Ay<)| > ||x || - ^ SU P^||^JI > I inf Ha-ny. 

Oi mt n) i ||x- || 2 ti,j 

Thus for all scalars A we have 

\\x ni + Aj/iH > -inf ||^||. 
Thus if we define T : [(yi)] — > X by 

we have that this operator is bounded by ffT6l) . (fT7|) and our assumption that (x t )i is dom- 
inated by (xi)i. We also have that for any scalar A, (T — Xi^ y .^x) (Uk) = x n — Xyu- But 
since (yk) is weakly null and x nk — A^ is not norm null, T — Ai[( 2/j )]_»x is n °t compact. In 
other words T is not a compact perturbation of a scalar multiple of the inclusion. □ 

Now we present the proof of Lemma 13. 2[ A less general version of this lemma can be 
found in [201 Lemma 2.4 (a) =^> (d)]. Schlumprecht assumes that the basic sequence (zi) is 
subsymmetric and satisfies Property PI and we assume that the sequence (xi) has Property 
P2, which in view of Proposition 13.51 can be replaced by the assumption that (z^) has a 
spreading model which is unconditional and satisfies Property PI. Also Schlumprecht shows 
the result for some sequence (5 n ) while we show it for an arbitrary (5 n ). Additionally, we 
use different techniques than the ones used in [2U]. Our arguments resemble the ones found 
in[2j. 

Proof of Lemma \3.2[ Since (x n ) has Property P2, for each p > we can define M = M(p) 
such that if || ^OjXj|| = 1 then \{i : |a^| > p}\ < M. 
Let (^j)jLi be such that 

17 



Since (z n ) » (x n ) by ([2]) we may choose a decreasing sequence (pj) ( jL 1 C (0, 1] such that 
Tlj y/PjU + 1) — 1/4 an d satisfying the following: for all (a*) G Coo with |aj| G [0, y/pj] for 
each i and || E^a^H = 1 we have 



53°^n - e iii 53 



a-iZiW. 



Finally let Mj = M(pj) as above. 

By the definition of spreading models, by passing to a subsequence of (xi) and relabeling, 
we can assume that if j < F and |F| < Mj then for all (a*) G coo, 

(19) in 53^^11 ^ ii 53 a ^n - 2 n y^ Q »^ii- 

ieF ieF ieF 

Now fix (a«) G c o suc h that ||X/ a * a; *ll = 1- For J ^ ^ consider the vector y = 
5^i>^<|o*|<p j _i If II3/II > then 



2/ 



E 



i>3 
Pj<\ai\<Pj- 



■I i 



E 



pj<kl<Pj- 



(by (HHD since 



E 



i>j 
Pj<\ai\<pj- 



1) 



E 



i>j 
Pj<\a.i\<pj-i 



Thus in general, (without assuming that \\y\\ > y/pJZi), we get 
(20) ||y|| < + 53 aiZi W- 

i>j;pj<\a>i\<pj-i 

Let po be twice the basis constant of (xj) divided by the inf ||xj||. Since || Y2 a i x i\ 
have that |dj| < po- 

oo 

1 =ii ^o-iXiW < 53 ii 53 aiXi \\ 

3=1 pj<\ai\<pj~-i 

oo oo 

<n 53 a « a; «ii+53ii 53 a « a; «ii+53ii 53 aiX ^ 

Pi<\a.i\<po i= 2 i<j;Pj<\ai\<Pj~\ J= 2 i>3\Pj<\ a i\<Pj-i 



1, we 



< sup 5! ii 53^^11 + 53 + 2 53 ii 53 



FCN,|F|<Afi igF 



3=2 



3=2 i>j;pj<\ai\<pj- 
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where 

5 X = sup / Q ^|| : (ai)^ C C with |F| < M 1 and {a^p £ J 

I II l^ieF a i Z i\\ 

which is clearly finite by using an l\ estimate for the numerator and an estimate for the 
denominator. Note the third piece of the last inequality is true by ffl9l) since the cardinality 
of {i > j : pj < |aj| < Pj-i} is at most Mj. Continuing the calculations from above, we get 

j oo oo 

1< sup Sx\\ y]ajZi\\ + - + 2y~]< s /p j -i + 2y]ej-x\\ a<^*|| by (J20J) 

- 'i i- «6F j=2 j=2 *>3;P3<\ai\<P3-l 



I oo 

< sup 5x || || + - + 2 ~T~^i II ^ "'< : 



< sup ctiZi\\ + - + sup sup S n \\ y^ Qj^||. 

Thus 



FCN,\F\<Ah " 2 n>2 n<FCN;|F|<M„ " 



1 < 2 sup sup S n \\ y ^ cgZiW 

neN n<FCN;\F\<M n 

proving the lemma. □ 

Now we present the proof of Lemma 13.31 

Proof of Lemma HOI Assume that for each n 6 N (x^ n )j has spreading model (x¥")jj?ii 
(xj n )j C-dominates (^i)j = ™ and moreover if |F| < M n and (aj)j e p are scalars then 



(21) \\\ E^Mi < ii E^Mi ^ 2 ii E^fi- 

jeF jeF jeF 

By Remark [2.31 by passing to subsequences and relabeling, assume that {Xj In )( n ,j)ei forms a 
regular array with basis constant at most equal to 2. Apply Theorem 12.91 to (Xj In )(n,j)ei to 
get a subarray which satisfies the conclusion of Theorem 12.91 By relabeling call (a; . ")( n j) 6 j 
the resulting subarray. Define 

i 

71=1 

where (£j) is an increasing sequence of positive integers which guarantees that \x*yi\ < e. 
Note that (jjj) is weakly null since {x^ In )j is weakly null for all n and 5 n is summable. Since 
(xj n )(n,j)ei is regular, (yj) is a basic sequence with 

(22) Hftll > | inf|K|| 



2 71, 



771 



(since the basis constant of {xf n )(n,j)&i is at most equal to 2 by Remark [2.31) . Since (5 n ) is 
summable, (yj) is also bounded. Fix iigN and let n < F C N, with |F| < M n . Then 
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a jyj II - q II 52 8 n a j xf n || (by Theorem E2} 

jeF;j>n 

>\\\ Y Sndjxf-W (by (HU)) 



j&F;j>n 



6" J « a J x fc, I 



jeF;j>n 

where the map F 9 j i— > fcj G {1, 2, . . . , |F|} is a 1-1 increasing function 



>^n|| Y a i z iW ( by ®) 



Thus 



J^a^ll > sup— sup <5„||$^ 



6C n <FCN;|F|<M n ~ 



□ 



Theorem 13 .![ just as Theorem 10 .71 gives sufficient conditions on a Banach space X, in order 
that the "multiple of the inclusion plus compact" problem has an affirmative solution on X. 
If in Theorem 13.11 one considers the special case where (xjj = (x«)j, then the assumptions 
of Theorem 13.11 are similar to the assumptions of Theorem 10.71 The difference in that case 
is that in Theorem 13. II (but not in Theorem 10. 7p . we assume that the sequence (xi) satisfies 
Property P2. Instead, in Theorem 10.71 we assume that the sequence (zj) has a spreading 
model which has Property P2. In Proposition 13.41 we show that if the basic sequence (zj) 
has a spreading model which has Property P2 then by replacing (zj) by a new sequence 
and relabeling, we can assume that (zj) has a spreading model which is unconditional and 
has Property PI. Then, in Proposition 13.51 we show that if the basic sequence (zj) has a 
spreading model which is unconditional and has Property PI then the sequence (xj) can be 
"replaced" by a sequence (x^~) which (may not be contained in the Banach space X and) 
satisfies Property P2. Thus the proof of Theorem 10.71 will follow from Theorem 13.11 and 
Propositions 13.41 and 13.51 

Proposition 3.4. Let (zj) be a seminormalized basic sequence which has a spreading model 
which has Property P2. Then there exists a subsequence (z^) of (zj) such that (Zi) has a 
spreading model which is unconditional and has Property PI, where either (Zi)i := (z&Jj or 

Proof. By Rosenthal's l\ Theorem [T7] there exists a subsequence (z^J of (zj) such that either 
(zfcj is equivalent to the standard basis of £i, or (z&J is weak Cauchy. In the first case by 
passing to a further subsequence and relabeling assume that (z^J has a spreading model and 
set (Zi)i := (zfcjj. Then obviously (Zi) has a spreading model which is unconditional and 
has Property PI. If (z fc J is weak Cauchy, set (Zj)i = (zk 2i — ^jfe 2i _ 1 )i- Then (Zi) is weakly null, 
hence by [3], [B] we can pass to a subsequence of (Zi) and relabel in order to assume that (Zj) 
has a suppression 1-unconditional spreading model. It is obvious to see that the Property 
P2 passes from the spreading model of (zj) to the spreading model of (Zi). Thus (Zi) has a 
spreading model which is unconditional and has Property PI (see Proposition 13.6( b)). □ 
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Proposition 3.5. Let {xj) and {zj) be two seminormalized basic sequences (not necessarily 
in the same Banach space) such that {xj) satisfies condition |3]) of Theorem \ 0. 7| and (z^) 
has a spreading model which is unconditional and has Property PI. Then there exists a 
seminormalized basic sequence {xf) which has Property P2, dominates {xj) and has spreading 
model {xf) which is s.c. dominated by {zi). 

Proof of Proposition \3. 51 Before denning {xf), define an auxiliary basic sequence {z'j) as 
follows. Define the norm on the span of {z'j) as the completion of the following: for (a«) G Coo 
let 



(23) || y^a^-H := sup{^=|| Y^a^H :ACN with \A\ < n} 
where 

k 

(24) L n = sup || V^||. 

Kk<n ^ 
— — i=l 

Claim 1: The sequence [z'j) is seminormalized, 1-spreading, unconditional (thus 1- sub symmetric) 
and has Property PI. 

Since {zj) is 1-spreading, the Property PI of (zj) is equivalent to the fact that L n — > oo. 
Also it is easy to verify that the 1-spreading and unconditionality properties pass from 
(z^ to {z'j). Since {L n ) is increasing we have that ||^|| = ^= = \/\\zj\\ therefore {z'j) is 
seminormalized. Notice that 

k n 

L n = sup || y^|| < (7i|| y^gj|| 
where C\ is the basis constant of (zA Thus 



n 1 n _ 1 



OO. 



Hence {z'j) has Property PI (since {z'j) is 1-spreading). This finishes the proof of Claim 1. 
Claim 2: {zj) » {z'j). 

Let e > be given. We will choose p > so that A^ z .^^{p) < e. Since L n — > oo we 
can find an Af e N such that C%/ \/L~n < e where C<i is the suppression unconditionality 
constant of the sequence {zf) (by [5j [6] we have C% = 1 if {zj) is weakly null). Let p = 

min n <jv p~S - Let (cij) G c 00 be such that HX^i^ll = 1 anc ^ l a «l — P- Also ^ n o e N 
and A be a subset of N with \A\ < n and || Xl^^ll = r — II SieA a *^ll- If Wo < iV then 



XlieA a *^ll — ~^^P n o < £ by the choice of p (notice that \\zj\\ = \\zi\\ for all i). If 



nn > N then i — 1| y"\- c<1 eijiy < --4=C 2 || Y^a^H = -&= < £ where the first inequality 

,/L„„ L — " tJ1 V L N * — ' V-^iV 



follows by the unconditionality of {z{). Thus Ar z .\t z i\{p) < e. This finishes the proof of 
Claim 2. 
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Now we are ready to define the basic sequence (xf). Define the norm on the span of the 
basic sequence (xf) as the completion of the following: for (af G c 00 let 



(25) || yf (HxfW = max{|| yf ctjXjW, || / J cgz. 



where (z'f) is defined by (1231) . 

Claim 3: The sequence (xf) is seminormalized, dominates (xi), has Property P2 and has 
spreading model (xf) which satisfies (zf) >> (xf). 

Indeed by Claim 1 we have that (z'f) is seminormalized thus (xf) is seminormalized. 
Obviously, by (|25|) . we have that (xf) dominates (xf). By Claim 1 we have that (z'f) is 
unconditional and has Property PI thus it is easy to see that (z'f) has Property P2, (see 
Proposition 13.61 (c)). Since (xf) dominates (z'f), we obtain that (xf) has Property P2. Since 
(xf) has spreading model (xf) and (z'f) is 1-spreading, f[2"oT) implies that (xf) has spreading 
model (xf) which satisfies 



(26) || ^dixfW = max{|| y^a^H, || y ] QjZ- \\}. 

Finally, Claim 2, the fact that (zf) >> (xf and (|26|) imply that (zf » (xf). This finishes 
the proof of Claim 3 and of Proposition 13.51 □ 

Now we are ready to present the proof of Theorem 10.71 



Proof of Theorem 0.1, We know that (zf) has a spreading model which has Property P2. 



Then by Proposition l3.4l there exists a subsequence (zkf) of (zi) such that (Zf has a spreading 
model which is unconditional and has Property PI, where either (Zf)i := (z^fi or (Zf)i : = 

( Z k 2i ~ z k 2t - 1 )i- 

First assume that (Zfi = (z^fi- Then set (Xfi := (xfi and (Xf)i := (x kn )i. We claim 
that (EJ) and ([6]) are satisfied with "(xf)" , "(xf)" and "(zf" being replaced by (Xf)i, (Xf)i 
and (Zf) respectively. Indeed, since (xf) « (zf, we have that (xkf) « (Zf. Since (xf) is 
isometrically equivalent to (x^f), we obtain that (xf) « (Zf. Thus ^ is satisfied for (Xfi 
and (Zfi. Also notice that is satisfied with "(x™)" and u (zf)" being replaced by (Xf) 
and (Zf respectively. Indeed, since (zf)f =1 is C-dominated by (xf), we have that (Zf)f =l is 
C-dominated by (x^™)™ =1 which is isometrically equivalent to (x^ n )f =1 . 

Second assume that (Zfi := (z k2i - z k2i _f)i. Then set (Xfi := (x 2i - x 2i -f)i and (Xf) { := 
(x k 2 l n -x k 2 f_f)i. We claim that © and © are satisfied for \xff\ u (xf)" and u (zf) n being 
replaced by (Xf), (Xf) and (Zf) respectively. Indeed notice that since (xf) << (zf, we have 
that (xk 2i — Xk 2i -f) << (Zf - Since (xk 2i — %k 2i „f) is isometrically equivalent to (x 2 i ~ x 2 i-i) 
and (Xf has spreading model isometrically equivalent to (x 2i — x 2 j-i), we have that §5§ is 
satisfied for (Xf and (Zf. Also, since (zff =1 is C-dominated by (xf)f =1 , we have that (Zff =1 
is C-dominated by (xjj^" — x^"_ i )™ =1 , which is isometrically equivalent to (x k 2 f- — ^ 2 |-i)r=i- 
Finally notice that the spreading model of (Xf)i is isometrically equivalent to (x k 2 \ n — x k 2 flf)i. 
Therefore condition §6§ is satisfied for (Xf)i and (Zfi. 

In either of the above two cases (i.e. either (Zfi = (z k fi or (Zfi := (zk 2l — Zk 2i _f)i), since 
(Xf « (Zf and (Zf has a spreading model which is unconditional and has Property PI, 
by Proposition 13.5} there exists a seminormalized basic sequence (xf) which has Property 
P2, dominates (Xf and has spreading model (xf) which is s.c. dominated by (Zf. Apply 
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Theorem 13.11 for u (x_i)i" being equal to (Xi), u (xf)" being equal to (X™), "(zj)" being equal 
to u (Zi)" and "(xj)/' being equal to (xf) to finish the proof. □ 

Proof of Theorem \0.8\ . If p belongs to the Krivine set of (x~i) then for all n G N there exists 
a block sequence of (xj) of identically distributed blocks such that any n terms of 
(xf)i^ are 2-equivalent to the unit vector basis of t n p . Then apply Theorem 10 .71 for (z^ being 
the unit vector basis of £ p . □ 

Next we examine the relation between Properties PI and P2 and how these properties 
pass to spreading models. 

Proposition 3.6. (a) Assume that a seminormalized basic sequence (z^ has a spreading 
model (Sj). If (z^) has Property PI then (zi) has Property PI. If (zi) has Property 
P2 then (Sj) has Property P2. 

(b) If a seminormalized basic sequence has Property P2 then it has Property PI. 

(c) If an unconditional seminormalized basic sequence has Property PI then it has Prop- 
erty P2. 

(d) Let (z^ be a Schreier unconditional seminormalized basic sequence in a Banach space. 
If (z{) has Property PI then there exists some subsequence {z ni ) of (z^) which has 
Property P2. 

Proof. Parts (a), (b) and (c) are obvious. For part (d) assume (towards contradiction) that 
no subsequence of (zi) has Property P2. So for every subsequence (rrii) of N there exists p > 
such that for all M G N there exists (a) G coo with || X ctiZ mi \\ = 1 and \{i : |a*| > p}\ > M. 
Thus p depends on the sequence (m»). Let p((rrii)) be the supremum of such p's. Notice 
that if (mi), (rij) are subsequences of N with (n) C (rrii) then p((rij)) < p((mj)). We claim 
there is a subsequence (mi) of N such that inf {p((m ni ) : (rij) subsequence of N} > 0. To 
show this claim we assume again by contradiction that for all subsequences (rrii) of N we 
have inf{p((m n J) : (rij) subsequence of N} = 0. 

Let (nl)Zi C N be such that p((nj)) < 1. Let (n?)^ C (nj)^ be such that p((n?)) < 
P 2g ^ i where C s is the constant of Schreier unconditionality of (z^. Given define 

(n 4 fc+1 )^ 1 C (n*)?^ to be a subsequence such that p((n^ +1 )) < p{<y ^ ) . Define n { := n*. 
By our assumption p((rij)) > 0. Let G N be such that p((rii)) > p((nf)) > 0. Let 
iV G N be arbitrary such that N > k. By the definition of p((rii)) there exist a sequence 
of scalars (a n .) such that || X^n^ns II = 1 an d \{ n i '■ l a «J > > 2(N + 1). Define 

A := {m : |a n J > = {£ x , £ 2 , . . . ,£\ A \} where £ x < £ 2 < Define m = and 

B = \£ m , 

iAm+2, ■ ■ ■ A\a\\- Notice that B is a Schreier subset of the sequence (n t + ) and 
\B\ > N. Thus we can project to the set B: 



^ Q<ni 1 1 — C s 1 1 ^ a ni z ni 1 1 C s . 



riieB 



Thus II J2 ni eB^t z ni\\ < !• Note that B C fa : ^ > ^g 11 }- Since 5 C we have 

that p(K fc+1 )) > But p(fa)) > p((rf)) > 2C s p((n'y +1 )), a contradiction. Thus there 

exists some subsequence fa) where inf{p((n m J) : (mi) subsequence of N} > 0. 
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For ease of notation call (zi) the subsequence (z ni ). Let p > such that 

for all sequences (sj) of positive integers and m G N there exists 

(27) ^ 

(a») G c 00 with || 7 ^Qa^aJI = 1 and |{i : |a a J > p}| > m. 

Fix m G N. Let 

Cm — ^ N : there exists (a*) G c o such that || Q>jZi\\ = 1 

and (£,)T =1 C {z : H > p}}. 

By Ramsey's theory there exists some (wij)?^ C N such that either [(mi)^] 171 C a m or 
[( m i)£i] m H a m = 0. But the second case is not possible by (127]) . 

Thus for each m G N there exists some subsequence (n™) of N such that for each F C (n™) 
where |F| = m, there exists some (a,) G Coo such that || ^a^H = 1 and F C {z : |aj| > p}. 
We can choose each of these subsequences such that (nj) ~D (n?) D (n|) D • • ■ and then 
define n« = n\. Thus for all A C {m, m + 1, . . .} such that \A\ = m (i.e. A is Schreier) 
there exists some (a™ - ) G Coo such that || aj^^ 1 1 = 1 and (n»)i 6j 4 C {z : |a™| > p}. So we 
define for each m G N such (a™) where || ^a™ - - 2 *!! = 1 an d (^i)fH^ 1 ^ : > p}- Notice 
each a™ E A := {z E C : p < \z\ < } where C is the basis constant of (zj). It is an 

elementary exercise to see the following. 

For all M G N and e > there exists fceN such that if (aj)* =1 C .4. 

(28) then there exists some subset A' C {1,2,..., fc} such that 
| A' | > M and for all i,j G A' we have |a$ — Oj| < e. 

Since (2^) has Property PI, 

liminf inf II > ,&|| = oo. 

rwoo ACMA\=n ' 
idA 

So there exists iV G N such that for all sets 4CN with \A\ = N we have 

(29) IIE---Il>f' 

i€A " 

By (T58]) for e = fft and M = N to get k G N. Then note that (af)^ 1 C .4 has 
k many terms (some terms may be equal). Therefore there is an N element set A' C 
{k, k + 1, . . . , 2k — 1} such that for all i,j G A' we have |o* — | < e . Notice that A' is a 
Schreier set. Thus by Schreier unconditionality we have 

C a =C s \\^2<^Zi\\ > \\^2<^Zi\\ > H^a^H - \\^2{a k i - a\)zi\\ 

ieA' ieA' iEA' 

> || yj a\zi\\ - iVmax |a* — a*| > || a^,; 



Therefore || ^ igyl / Zi\\ < < 2 wri ich is a contradiction to (I2"$j) . □ 



2aJ — 2p 
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Note that the summing basis has Property PI but no subsequence of it has Property P2. 
Thus the assumption that (zj) is Schreier unconditional in Proposition 13.6( d) is needed. 

Notice that if (xi), (x™)j (f° r n E N) and (zi) are seminormalized basic sequences satisfying 
conditions <$5§ and (jSD of Theorem 10. 7[ and {z ki ) is any subsequence of {zj) then {xj), (xf n )j 
(for n G N) and (z k .) also satisfy conditions (JSJ) and (jSJ). Indeed, the sequence (xj) is 
isometrically equivalent to the sequence (x^) which is s.c. dominated by (z^,.). Also (z k .) 
is C-dominated by (x^ n )™ =1 which is isometrically equivalent to (xf n )™ =1 . This observation, 
Theorem 10.71 and Proposition 13.6( a) and (c), immediately give the following result. 

Corollary 3.7. Let X be a Banach space containing seminormalized basic sequences (xj)j 
and (xf)i for all n G N, such that < inf n j ||x™|| < sup n i ||x™|| < oo. Let (zi)i be a basic 
sequence not necessarily in X . Assume that (xj) satisfies condition (TJJ) and for alln G N the 
sequence (x™)i satisfies condition of Theorem \U. 7[ Assume that the sequence (zi) satisfies 
at least one of the following three conditions: 

• a subsequence of (z,j) has a spreading model which has Property P2, or 

• a subsequence of (z^) has Property PI and has a spreading model which is uncondi- 
tional, or 

• a subsequence of (z^ has a spreading model which is unconditional and has Property 
PI, or 

• a subsequence of (z^) has Property P2. 

Then there exists a subspace Y of X which has a basis and an operator T G C(Y,X) which 
is not a compact perturbation of a multiple of the inclusion map. 



4. An Application of Theorem IU.7I 

Next we give an application of Theorem 10.81 where previously known results do not seem 
to be applicable (at least with the same ease). As mentioned before the problem of finding 
a subspace Y of a Banach space X and an operator T G C(Y,X) which is not a compact 
perturbation of the inclusion operator is non trivial when X is saturated with HI Banach 
spaces. The HI space to which Theorem 10.81 will be applied was constructed by N. Dew 
[7J, and here will be denoted by D. The construction of the space D is based on the 
2-convexification of the Schlumprecht space 5* [Tj5] in a similar manner that the space of 
T. W. Gowers and B. Maurey [UJ is based on 5*. We recall the necessary definitions. 

Let X be a Banach space with a basis (e^). For any interval E in N and a vector x = 
XjCj G X define Ex = J2jeE x j e j e X. There is a unique norm \\-\\s on coo which satisfies: 

IWIs = SU P W E i x h ■ E i < ■■■ < E i \ V ||x||^ 

where f(£) = log 2 (£ + 1). The completion of coo under this norm is the Banach space S. 
Let S2 be its 2-convexification. Recall if X is a Banach space having an unconditional basis 
(e n ), then we can define the 2-convexification X 2 of X by the norm 

|| ^2a ny /e^\\x 2 := (|| a 2 n e n \\ x ) 1/2 
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where (y/e^) denotes the basis of X 2 , (we will talk more later about the "square root" map 
from X to X 2 ). We will show that the spreading model of the unit vector basis of D is the 
unit vector basis of S 2 . Before we do this we must see the definition of D. 

In order to define the Banach space D, a lacunary set J C N is used which has the 
property that if n,m e J and n < m then 8n 4 < log log log m, and /(min J) > 45 4 . Write 
J in increasing order as {j±, j 2 , ■ ■ ■}■ Now let K C J be the set {ji, J3, js, • • • } and L C J 
be the set {j 2 , j 4 , j 6 , . . .}. Let Q be the set of scalar sequences with finite support and 
rational coordinates whose absolute value is at most one. Let a be an injective function 
from Q to L such that if z\ y . . . , z% is such a sequence, then ( 1/400)/ [a (z%, . . . , Zi) 1 ^ )^ > 
#supp (J2]=i z j)- Then, recursively, we define a set of functionals of the unit ball of the dual 
space D* as follows: Let 

Dq = {\e* n :neN, |A| < 1}. 
Assume that D* k has been defined. Define the norm || • || fe on c 00 by 



(30) \\x\\ k = sup{\x*(x)\ : x* e D* k } 

and let || • \\* k denote its dual norm. Then D* k+l is the set of all functionals of the form F z* 
where F C N is an interval and z* has one of the following three forms: 

1 

(31) Z* = 5>;4 

i=l 

where J2i=i \ a i\ ^ 1 an d z* £ D% for i = 1, . . . , I. 

(32) z* = 
where J2i=i a i ^ 1> 4 G -D| for i = 1, . . . , £, and z\ < • - • < Zg. 




1 A . 1 A 



'J 



( 33 ) z * = 7777^? S where z i = m — v S 



for certain (a^j) where J2ij a l,j — 1 ( a «,j' s are explicitly chosen in [Tj, but the exact 
values are not needed for our purposes) where z* • G for 1 < i < £ and 1 < j < m i: 
z* 1 < • • • < z* mi < z 2X < • ■ • < zj , mi = 3m-> ft z \ nas rational coordinates for some ft > 
(whose exact value is not needed for our purpose), mj+i = cr{ftz\, . . . , ftz*), for i = 1, . . . , £— 1 
and E is an interval. 

Finally, the norm of D is defined by 

\\x\\ D = s^{z\x):z*e^D%}. 

Proposition 4.1. The spreading model of the unit vector basis of D is the unit vector basis 
of S 2 . 

Proof. From the definitions of the two spaces it is easy to see that for (a*) G c Q0 , \\ a i^i\\s 2 < 
II a i e i\\D (( e n) will denote the bases of both spaces S 2 and D but there will be no confusion 
about which space we consider at each moment). Thus to show Proposition 14. II we need only 
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show for any given e > 0, and finitely many scalars (a»)£Li there exists n such that for any 
n\, n 2 , . . . , un G N with n < n\ < n 2 < ■ ■ ■ < n^, we have 



\\x\\d < \\y\\s 2 + £■ 

where x = J2iLi a i e ni £ D and y = J2iLi a i e i ^ &2- This will follow immediately once we 
show by induction on n that for any n G N, e > and scalars {ai)f =l we have 

( 34 ) ll^lln < \\y\\s 2 

where || ■ || n is defined in fl30|) . For "n = 0" we have ||x||q = max!<j<jv [<x» ] < Hz/Hsv Now for 
the inductive step assume that flM|) is valid for n. Let e > and scalars (di)f =1 . 

First note that by the induction hypothesis there exists n\ G N such that for all < n\ < 
n 2 < ■ ■ ■ < un we have 

(35) ||x|| n < \\y\\s 2 + e. 

Secondly, by the inductive hypothesis there exists G N such that for all 1 < io < jo < N 
and tlq < n\ < n 2 < ■ ■ ■ < we have 

jo io 

(36) || y^Qje w .|| n < || } )aiei\\s 2 + -y=. 

i=io i=io 

And finally there exists jo £ L such that J— N\\y\\s 2 < e. Let G = er _1 ({T, 2, . . . , jo — 

y/fUo) 

1}), So G is a finite subset of finite sequences of vectors with rational coefficients. Let 
ng be the maximum of the support of any vector in any sequence in G. And then set 
no = max{rio, ng, rig}. Recall the norming vectors z* G -D* +1 can be one of three different 
types. Each type of functional will present us with a different case. 
CASE 1: Let z* be given by (ED. Then 



'(aOI <X)M|<i 



x 



i=i 

t 



= IfIU + £• 

CASE 2: Let be given by (1321) . Thus for n < n\ < n 2 < ■ ■ ■ < we have 



z*(x) < 



i 1 

< - y^\aj\\z*AEjx)\ 



where Ej is the smallest interval containing the support of z* intersected with the support 
of x. Continuing the above calculation we have 
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\Z (X) 



1 



N' 



(by m: 



< 



i 1 



|2\l/2. 



(by Cauchy-Schwarz' inequality since there are at most N many nonempty E^s ) 

— \\ X \\s2 + S - 

CASE 3: Let z* be given by (155)) . We can of course assume 7^ thus let i be the 

smallest natural number such that 

U^supp (z*) n {n + 1, n + 2, . . .} ^ 0. 
Then by the definition of Uq we have that <t(/3z*, flz^, • • • , > jo ioi i + 1 < i < £. Thus 



(37) 

< 



1 


1 




Vf( m io) 



E 



+ "^777^77=^ S K+ijll<+ij( a OI + 



< 



< 



1 

VW) 



\y\\s 2 + ^ + 



E 



1 1 



K+ijlK+i,;(z)l+--- (by CASE 2) 



^(Il2/||s 2 + e), 



where the last inequality is valid since \oiij\ < 1, |^-(a;)| < < II^IU < + £ 5 

m i > Jo for allio + 1 < % < (by the choice of no), and there are at most iV many indices 
for which ^(x) 7^ 0. The last expression in equation (157)) is at most equal to ||y||s 2 + 3£ 
which finishes the proof. □ 

For the following remark we will need a bit more notation. If X is a Banach space having an 
unconditional basis (e n ) and X 2 is the 2-convexification of X then for x = ^2 a n&n £ X then 
there is a canonical image of x in X 2 which we define as <Jx = ^2 S ^ n ( a n)\/J(hi\\^n £ AT 2 
(where (-^/fQ denotes the basis of X 2 ). 

Remark 4.2. Let 1 < p < 00. Le£ X be a Banach space with an unconditional basis (ej)j 
and let (-y/e7)i be the basis of X 2 . Then p is in the Krivine set of (e^) if and only if 1p is in 
the Krivine set of {^/~e~i)- 

Proof. Let n G N and e > be given. Since p is in the Krivine set of X, there exists a block 
sequence (t>i)™ =1 of (e*) such that for any scalars (aj)" =1 we have that 
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, ,„ n n 



i=l i=l i=l 

Let Wi = ^/v~i G X 2 , and scalars (aj)™ = i then 



71 Tl Ti 

||J> W *U*> = llE G ^llt ^ (i + ^)($>^ 

j=l «=1 i=l 

and 

n n . ^ n 

|| E a ^IU 2 = II E a ^l^ - YTe^ a ^' 

i=l i=l i=l 

The proof of the converse is similar. □ 



It is known [19] that the Krivine set of the unit vector basis of S consists of the singleton 
{1}. Thus by Remark 14.21 we have: 

Remark 4.3. The Krivine set of the unit vector basis of S 2 consists of the singleton {2}. 

Proposition 4.4. Let X , Y be Banach spaces with unconditional bases, (x n ) be a basic 
sequence in X , (y n ) be a basic sequence in Y such that (x n ) » (y n )- Then (^/x^) » (^/y^) 
where (J~x^) and (^/y^) are the canonical images of (x n ) and (y n ) in X 2 and Y 2 respectively. 



Proof. Note that 



(oo\ liminf inf || v^illx 9 = lirninf inf || xA\ \ = oo. 

V d °/ n-+oo ACN;\A\=n ^ n^oo AC8;\A\=n ^— ' 

i£A i&A 

Also 

A (v^T),(^)( e ) = SU P{H ^2 a iVyi\\Y2 : N < £ and II E^V^II^ = 1} 

(39) = (sup{|| E a ?^H y : N 2 - £2 and II E a2xi l' x = 

The result follows immediately from (1381) and ( 1391 . □ 

It has been shown in (2J Proposition 2.1] that if (e n ) is the unit vector basis of l\ and (f n ) is 
a normalized subsymmetric basic sequence which is not equivalent to (e n ) then (e n ) >> (/ n ). 
Thus since the unit vector basis of 5* is normalized and subsymmetric we have that the unit 
vector basis of i\ s.c. dominates the unit vector basis of S. Thus Proposition 14.41 gives: 

Remark 4.5. The unit vector basis of £ 2 s.c. dominates the unit vector basis of S 2 . 

Theorem 4.6. There exists an infinite dimensional subspace Y of D having a basis and 
T e C(Y, D) such that T £ Ciy^ + K(Y, D) . 

Proof. We will refer to (s,) as the unit vector basis of the Schlumprecht space S and (a/s7) 
as the unit vector basis of S 2 . Then apply Theorem 10.81 for p = 2 and the spreading model 
for the unit vector basis of D. By Proposition 14. II we have that {^fsi) is the spreading model 
of the unit vector basis of D. By Remark 14.31 we have that 2 is in the Krivine set of {^/Si). 
By Remark 14.51 we have that the unit vector basis of i 2 s.c. dominates {^/si). Thus by 
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Theorem 10.81 we have there exists an infinite dimensional subspace Y of D and T £ £(Y, D) 
such that T £ Ci Y -* D + K,{Y,D). □ 
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